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Abstract

The companion paper shows that the log-score regret of a single-shape conformal predictor
to the conditional oracle is the mutual information I(R;X) between the residual and the input.
Here we rederive that quantity from a betting mechanism rather than from the score. Treat
the predictor as the crowd in a parimutuel pool on the residual: bettors put money in, and
the pot is split among the winners in proportion to their stake on the realised outcome. In the
continuous limit the payoff is the ratio of the bettor’s density to the crowd’s. An entrant who
knows only the marginal breaks even, which is marginal coverage stated as wealth. An entrant
who conditions on X grows his bankroll at rate exactly I(R;X). The gap is the rent. This is
not a metaphor: the nearest-the-pin pool of the microprediction platform, and the continuous
density version run in the MidOne contest, are this mechanism, and a conformal predictor is
the entrant that prices the pool flat in X. We then give two ways to measure the rent on a
fitted predictor: a static lower bound from distance covariance, and a sequential e-process whose
growth rate estimates I(R;X) and which is an anytime-valid test for conditional miscoverage.

1 Setup
A point predictor leaves a residual R, and conformalization re-levels its marginal law. Write U =
G(R) for the probability integral transform, G the marginal CDF of R; U is marginally uniform
on [0, 1] whatever the model. Let g(u | x) be the conditional density of U given X = x. The
companion paper (Cotton) identifies the wasted log-score of a single-shape conformal system as

∆ = EX KL
(
PR|X

∥∥G)
= I(R;X) = I(U ;X) = EX

∫ 1

0
g(u | X) log g(u | X) du. (1)

The middle equalities are the invariance of mutual information under the deterministic, a.s. in-
vertible map R 7→ G(R), and the fact that the marginal of U is uniform, so the information is the
negative conditional differential entropy of U . We take (1) as given and ask what it is, operationally.
The answer is a betting rate.

2 The continuous parimutuel
A parimutuel sets no odds. Everyone’s money goes into one pool; once the outcome is known the
whole pool is paid to the holders of winning tickets, divided in proportion to their winning stake.
With a continuous outcome the winning “ticket” is a density, and the payoff has a clean form.
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Lemma 1 (Pool payoff). Normalise the pool to 1 and let the crowd’s aggregate stake have density
q on the outcome space,

∫
q = 1. An infinitesimal, price-taking entrant who stakes unit wealth with

density b,
∫
b = 1, and takes no part in moving q, holds after outcome u the wealth

W (u) =
b(u)

q(u)
. (2)

Proof. Bin the outcome axis at width δ. The crowd stakes q(u)δ of the unit pool on the bin at u; the
entrant stakes b(u)δ. If the outcome lands in that bin, the entire pool is split among its stakeholders
in proportion to stake, so the per-unit payoff there is 1/(q(u)δ) (the entrant is infinitesimal, so the
crowd’s stake is the whole bin), and the entrant collects b(u)δ · 1/(q(u)δ) = b(u)/q(u). The bin
width cancels, so the limit is well posed and equals the Radon–Nikodym derivative db/dq.

The cancellation is the point. A continuous lottery on a point outcome looks ill defined — every
exact value has probability zero — but pool-splitting divides two vanishing quantities, and the ratio
survives. No reference measure and no assumed “fair odds” enter.

Lemma 2 (Log-optimal growth). Let the outcome be drawn from the true law p. The expected
log-growth of an entrant staking b against a crowd staking q is

G(b) = EU∼p

[
log

b(U)

q(U)

]
= KL(p‖q)−KL(p‖b) ≤ KL(p‖q), (3)

with equality iff b = p a.e. The log-optimal stake is the truth, and the optimal growth rate is
KL(p‖q).

Proof. Add and subtract log p:
∫
p log(b/q) =

∫
p log(p/q)−

∫
p log(p/b). The first term is KL(p‖q),

the second is KL(p‖b) ≥ 0 by Gibbs’ inequality, zero iff b = p.

Lemmas 1 and 2 are the parimutuel statement of the Kelly–Breiman log-optimality principle
(Kelly, 1956; Cover and Thomas, 2006); the growth rate KL(p‖q) is the information the crowd’s
price q is missing about the truth p. When the crowd prices the marginal, that is, offers fair odds,
the averaged growth of an entrant with belief b is I(R;X)−EX KL

(
g(· | X) ‖ b(· | X)

)
. Kemp and

Bettencourt (2022) write exactly this decomposition, γ = I(E;S)−EsKL
(
P (E | s) ‖X(E | s)

)
, in a

population-growth setting unconnected to conformal prediction; the next section is the observation
that a conformal predictor is precisely such a fair-odds crowd.

3 The conformal lottery
Put the pool on the rank scale. Conformalization makes U marginally uniform, so the conformal
predictor is exactly the crowd that prices the rank pool flat and uses nothing about X:

q(u) ≡ 1 on [0, 1]. (4)

Flat pricing on the rank scale is fair odds: the implied price equals the true marginal of U , which
is what marginal calibration means. That is the hypothesis under which side information is worth
its mutual information, so the rent is settled before we compute it. Two entrants step up.

Theorem 1 (Parimutuel rent of conformal). Against the conformal crowd q ≡ 1:

(i) an entrant who knows only the marginal stakes b ≡ 1 and grows at rate 0;
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(ii) an entrant who observes X and stakes the conditional b = g(· | X) grows, per round, at rate

G⋆ = EX KL
(
g(· | X)

∥∥ 1) = I(R;X). (5)

With a track take τ ∈ [0, 1) (payoff (1− τ)/q) the informed entrant grows at I(R;X) + log(1 − τ),
positive iff I(R;X) > − log(1− τ) ≈ τ .

Proof. Apply Lemma 1 with q ≡ 1, then Lemma 2. For (i) the entrant’s true law is the marginal,
uniform, so b = q = 1 and G = KL(1‖1) = 0. For (ii) condition on X = x: the entrant’s correct
law is g(· | x), so his conditional growth is KL(g(· | x)‖1); averaging over the X he sees each round
gives EX KL(g(· | X)‖1) = I(U ;X) = I(R;X) by (1). The take multiplies every payoff by (1− τ),
adding log(1− τ) to the rate.

So the certificate and the leak are two readings of the same pool. Marginal coverage says the
lottery is fair to anyone who knows only the average; part (i) is that fairness, as a break-even. Part
(ii) is what the certificate cannot see: a side-informed entrant compounds at I(R;X), bankroll
growing like etI(R;X), and no amount of re-leveling closes the gap, because re-leveling acts on the
marginal where the leak is invisible. Conformal re-leveling takes no rake (τ = 0), so any conditional
information at all is pure profit. This is the lottery paradox in one line: a provably fair lottery that
a player with side information beats with certainty.

4 The mechanism is real
The continuous parimutuel is not a thought experiment. It is the reward rule of a deployed predic-
tion market.

The microprediction platform (Cotton, 2022) asks each entrant for 225 Monte Carlo samples
of the next value of a live scalar stream. When the value z arrives, a stateless parimutuel splits
the pot toward the entries nearest z — nearest-the-pin. Smoothed, an entry’s reward is its sample
density at z relative to the field’s aggregate sample density at z, which is the payoff b(z)/q(z) of
Lemma 1 with the densities estimated from samples. The incentive is log-optimal by Lemma 2:
an entrant maximises expected log-reward by sampling from his true conditional, b = p, so the
aggregate crowd price q is driven toward the truth.

The continuous version drops the samples and prices a density directly. In the MidOne contest
run by Crunch Labs (CrunchDAO), entrants submit an explicit predictive density — a mixture,
in the conventions of the density package (microprediction/density), evaluated pointwise — and
the wealth change splits the pot in proportion to the density the entrant ascribes to the realised
outcome against the density the field ascribes to it, again b(z)/q(z). MidOne scores attacks on
small departures from martingality, so the priced object is a residual density: the R of this note.

A conformal predictor, dropped into either contest, is the entrant who prices the residual pool
flat in X — correct on the margin, indifferent to the case in front of it. Theorem 1 then says
any entrant who conditions on X holds a guaranteed log-growth rate I(R;X) against it. In these
markets the information gap is not a figure of speech. It is the realised bankroll of the better-
informed competitor.

5 Measuring the rent
The rent is defined through a log-score, so it is not read off data directly. Two routes estimate it
on a fitted predictor: a cheap lower bound, and an exact sequential estimate.
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5.1 A static lower bound from distance covariance
The companion diagnostic (Cotton) tests U ⊥ X with distance covariance, which is zero iff the gap
is zero. The same statistic bounds the gap from below.

Lemma 3 (Certified lower bound). Let HSIC(U,X) use a bounded product kernel, k ≤ K on the
product space. Then

I(R;X) ≥ HSIC(U,X)

2K
. (6)

Proof. Write MMD = HSIC1/2 = sup∥f∥H≤1

∣∣EPU,X
f − EPU⊗PX

f
∣∣, the integral probability met-

ric over the unit ball of the tensor RKHS. A unit-ball witness satisfies |f(z)| = |〈f, k(z, ·)〉| ≤√
k(z, z) ≤

√
K. With total variation TV = 1

2

∫
|dPU,X − dPU dPX |,

∣∣EP f − EQf
∣∣ ≤ ‖f‖∞

∫
|dP − dQ| ≤ 2

√
K TV, so MMD ≤ 2

√
K TV.

Pinsker’s inequality (Cover and Thomas, 2006) gives KL(PU,X‖PU ⊗ PX) ≥ 2TV2, and that KL is
I(U ;X) = I(R;X). Combining, I(R;X) ≥ 2 (MMD /2

√
K)2 = HSIC /(2K).

Distance covariance (Székely et al., 2007) is a fixed multiple of this HSIC (Sejdinovic et al.,
2013), so the companion detector inherits the same bound and a measured value certifies a minimum
wasted log-score, hence by Theorem 1 a minimum extractable rent. The matching upper bound
does not exist with a fixed kernel, since MMD metrizes weak convergence (Simon-Gabriel et al.,
2023) while KL does not: a sequence of laws can have HSIC → 0 with I(R;X) → ∞. Under a
bounded conditional density ratio g(u | x) ≤ M one has the crude I(R;X) ≤ logM , refinable
through χ2 (Wang and Tay, 2022), but the exact value needs a different object.

5.2 A sequential estimate: the e-process
Run the informed entrant and watch the bankroll. At round t, having seen (U1, X1), . . . , (Ut−1, Xt−1),
choose a betting density bt(· | x) ≥ 0 with

∫ 1
0 bt(u | x) du = 1 for every x, and set

Wt =
∏
s≤t

bs(Us | Xs), W0 = 1. (7)

Proposition 1 (Anytime-valid test and consistent rent estimate).

(i) Under H0 : U ⊥ X (the conformal price is correct, I(R;X) = 0), (Wt) is a non-negative
martingale with EWt = 1, so by Ville’s inequality P(suptWt ≥ 1/α) ≤ α. Rejecting when
Wt ≥ 1/α is an anytime-valid, level-α test of conditional miscoverage.

(ii) If the entrant learns the conditional, bt → g(· | x), then 1
t logWt → I(R;X) almost surely.

Proof. (i) Under H0, Ut | Xt is uniform and independent of the past, so E[bt(Ut | Xt) | Ft−1] =∫ 1
0 bt(u | Xt) du = 1; the product of conditionally mean-one factors is a martingale with mean 1,

and Ville’s inequality applies. (ii) 1
t logWt =

1
t

∑
s log bs(Us | Xs) → E[log g(U | X)] by the law

of large numbers once bs → g, and E[log g(U | X)] = EX

∫
g(u | X) log g(u | X) du = I(R;X) by

(1).
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This is the betting story made operational. The wealth process is at once the test — it crosses
1/α only if coverage is conditionally uneven — and the estimator, its growth rate converging to the
rent the static bound could only lower. It is the log-optimal e-variable of safe testing (Grünwald
et al., 2024; Vovk and Wang, 2021) for the null U ⊥ X, and the sequential, anytime sibling of the
batch distance-covariance test. Choosing bt is online conditional density estimation; any consistent
learner gives the convergence, and a poor one still keeps the type-I guarantee in (i), since validity
needs only

∫
bt = 1.

A measurement caveat, shared with the companion diagnostic. The transform U = G(R) uses
the true marginal G; with the empirical rank the null is exact only in the leave-one-out or full-
conformal sense, which is what we use to keep Ut | Xt uniform under H0.

6 Scope
This detects; it does not certify. By the distribution-free no-go results (Lei and Wasserman, 2014;
Foygel Barber et al., 2021; Vovk, 2012) no procedure can prove conditional coverage from data
alone, so a quiet e-process or a small distance covariance means “no rent found at this power,”
never conditional validity. What the betting view adds is a positive reading of the other side: when
the gap is there, it is money, and it is extractable by anyone who conditions on X. Closing it is
a modelling job — a sharper conditional spread, not a finer threshold — and the rent is the exact
bounty for doing it.

7 Related work
The gap ∆ = I(R;X) is the companion paper (Cotton); the distance-covariance diagnostic and the
signed de Finetti reading are (Cotton). That optimal log-growth with side information equals the
mutual information is classical (Kelly, 1956; Cover and Thomas, 2006; Barron and Cover, 1988),
and Kemp and Bettencourt (2022) write the fair-odds form γ = I−EKL that Lemma 2 specialises,
for population growth rather than prediction. Log-loss as negative log-wealth is the prequential and
game-theoretic tradition (Dawid, 1984; Shafer and Vovk, 2019), and the growth-optimal e-variable’s
identity with a KL is from safe testing and the e-value calculus (Grünwald et al., 2024; Vovk and
Wang, 2021); conformal test martingales are Vovk et al. (2003).

Closest are Arnold et al. (2023), who build e-processes for marginal PIT calibration, and
Shaer et al. (2023), who test conditional independence by betting — the mechanics of Proposi-
tion 1(i) — but neither identifies the growth rate with I(R;X) or frames it as the conformal rent.
The parimutuel mechanism and its log-optimal incentive are Cotton (2022, 2021); micropredic-
tion/density. The contribution is the assembly: a self-contained parimutuel derivation of I(R;X)
in the conformal idiom, the recognition that conformal calibration is the fair-odds condition under
which side information is worth its mutual information, the identification of the gap with the rent
in a deployed market, and the pairing of a certified lower bound with an anytime-valid growth-rate
estimate.
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